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Abstract. In the short note, a simple proof is provided for the increasing 
monotonicity of the function ^(x) + ln(e^/^ — l) on (0, oo), where il>{x) is the 
well-known psi function. 



It is well-known that the classical gamma function 

POO 

T{x) = / t^-ie-*dt (1) 



"'0 

for X > 0, the psi function ^p{x) ~ ^r(x) ' ^^'^ polygamma functions ip^'^^x) for 
fc € N play central roles in the theory of special functions and have much extensive 
applications in many branches. 

In [4, Theorem 2], it was discovered that if a < — In 2 and 6 > 0, then 

a - ln(ei/-^ - l) < iP{x) < b - ln{e^^'' - l) (2) 

holds for X > 0. 

In [3, Theorem 2.8], the inequality (2) was sharpened as follows: If a < —7 
and b > 0, then the inequality (2) is valid for x > 0, where the constants —7 = 
—0.577 . . . (the negative of Euler-Mascheroni's constant) and arc the best possible. 

In [2], the function 

(j){x) = iix) + ln(ei/^ - 1) (3) 
was proved to be strictly increasing on (0, 00) and 

lim (t){x) = 0. (4) 

X — >oo 

In [9], among other things, the function <j>{x) was proved to be not only strictly 
increasing but also strictly concave on (0, 00). with the limits limj,^Q+ (l){x) ~ —7 
and (4). 

In [2, 9], the proofs of the increasing monotonicity of 4'{x) spent respectively 
almost two printed pages. 

The aim of this short note is to provide a simple proof for the increasing mono- 
tonicity of the function (j){x) as follows. 

Theorem 1. The function 4>{x) is strictly increasing on (0,cx3). 
Proof. It is well-known that 

r{x + i) = xr{x) (5) 

for a; > 0. Taking the logarithm on both sides of the above equation and differen- 
tiating yields 

ipix + l) ^i;{x) + -. (6) 

X 
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Therefore, the exponential function of (t>{x) satisfies 

f'{x) = e'^(='+iV(a; + 1) - e^(^V(a;) = /i(a; + 1) - /i(a;), 

h'{x) = [e^("V(2;)]' = e'^("){V'"(a;) + [ip\x)f}. 

In [1, p. 208] and [4, Lemma 1.1], the inequality 

W(x)r+r{x)>0 (7) 

for X e (0, oo) was verified. Hence, the function h(x) is strictly increasing, and 
so f'{x) > on (0, oo). As a result, the function f{x), and then (f>{x), is strictly 
increasing on (0, cxj). □ 

Remark 1. It is well-known that the n-th harmonic numbers are defined by 

n 
fe=l 

for n G N and that iJ„ can be expressed in terms of the psi function by 

i/„ =^(7i + l)+7. (9) 

Consequently, the increasing monotonicity of (j){x) implies the sharp double inequal- 
ity in [3, Theorem 2.8] and the sharp inequalities for harmonic numbers in [2, 
pp. 386-387]: For n e N, 

1 + ln( - 1) - ln(ei/("+i) - l) < i7„ < 7 - ln(ei/("+i) - l) . (10) 

The constants 1 + ln(\/e — l) and 7 in (10) are the best possible. 

Some sharp inequalities for harmonic numbers were also established in [5, 6, 7, 8] 
and related references therein. 
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